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Numerical simulations of the evolution of Taylor cells from a growing boundary layer
on the inner cylinder of a high radius ratio Taylor-Couette system

W. M. J. Batten, N. W. Bressloff, and S. R. Turnock
School of Engineering Sciences, University of Southampton, Highfield, Southampton SO17 3BJ, United Kingdom

~Received 25 March 2002; published 9 December 2002!

The Taylor-Couette flow in the gap between two concentric cylinders has been studied numerically to show
the evolution of Taylor vortices from pairs of ring-shaped vortices, at Reynolds numbers of 53103 and 8
3103 based upon the gap width. The cylinders have a high radius ratio of 0.985 and the inner cylinder rotates
within a stationary outer cylinder. Initially, ring-shaped vortices are generated at the surface of the inner
cylinder and spread into the gap. This is distinctly different from the formation of laminar Taylor vortices that
grow from the end walls. Mixing of these ring-shaped vortices with the developing Couette flow then occurs
and further ring-shaped vortices are generated. Some of these dominate the flow and begin to form Taylor
vortices. Finally the Taylor vortices are stabilized and further vortex formation ceases. An analysis is also
presented of the variation of shear stress with time.
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I. INTRODUCTION

The Taylor-Couette flow in the gap between a rotat
inner cylinder and a fixed outer cylinder is of interest
several engineering applications, such as motors, filt
pumps, and journal bearings. The motivation for this wo
stemmed from the development of a novel underwa
integrated electrical thruster unit@1,2#. A significant source
of power loss in the electrical thruster arises from the fr
tional resistance that occurs between two such cylinders.
transient development of the Taylor-Couette flow is of p
ticular interest since it effects the number of Taylor cells a
hence the friction loss; the latter being dependent upon
length of the vortices@3,4#.

This paper presents an insight into the evolution of Tay
vortices in the gap between a stationary outer cylinder and
inner cylinder rotated from rest. Of particular interest in t
current context is the fact that, initially, pairs of ring-shap
vortices appear to emerge from the boundary layer on
inner cylinder. These vortices may exhibit flow behav
similar to Görtler-type instabilities. Although Go¨rtler’s origi-
nal work applied to concave surfaces@5#, there is other evi-
dence suggesting that the boundary layers on either cylin
wall may be subject to similar instabilities@6–8#.

The Taylor-Couette flow has been studied since Taylor@9#
reported the formation of an array of alternating laminar
roidal vortices at a particular speed, dependent upon the
ometry of the problem. The Taylor number is defined as

Ta5
Re2d

R1
, ~1!

where Re is the Reynolds number,

Re5
U1d

n
, ~2!

andd is the gap width,R1 is the inner radius,U1 is the speed
of the inner cylinder, andn is the kinematic viscosity. The
Taylor number at which these vortices first appear is kno
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as the critical Taylor number, Tac . Initially, laminar Taylor
vortices form at the end walls, then Taylor vortices for
adjacent to the end wall vortex and the vortex pattern de
ops inwards. This pattern then completes in the center
the cell lengths adjust if required@10#.

Above Tac , the flow undergoes a series of bifurcatio
from axially stable Taylor vortices through various wav
states until the flow becomes chaotic. Koschmieder@11#
stated that when Ta'1000Tac , order emerges from chaoti
flow and the flow is turbulent with axisymmetric stable un
form vortices. As the Taylor number increases, the flow u
dergoes a transition from, ‘‘soft’’ turbulence to ‘‘hard’’ tur
bulence @3,12#. In the ‘‘soft’’ turbulence, turbulent
production is dominated by the interaction between vortic
while the ‘‘hard’’ turbulence is dominated by turbulent pro
duction associated with the walls@13#. Koschmieder showed
that the turbulent Taylor vortex cell length is highly depe
dent upon the start-up conditions. The vortex length var
from 20% larger than the critical value, during rapid acc
erations to 70% larger during quasisteady accelerations@14#.

Barcilon et al. @6# showed the formation of ‘‘herring-
bone’’-like streaks in photographs of, turbulent Taylor vor
ces. They suggested that these patterns were due to the
tence of Go¨rtler vortices forming on the outer cylinde
Subsequent visualization studies at a different radius r
have, however, not shown the formation of similar ‘‘herrin
bone’’ patterns present in kaleidoscope visualization, for
ample, see Refs.@3,14#.

Wei et al. @8# also claim to have observed Go¨rtler-like
vortices for a range of Taylor numbers and for three rad
ratios @h5 0.084, 0.5, and 0.88, whereh5R1 /(R11d)]
forming on the inner cylinder. These vortices were observ
using laser-induced fluorescence~LIF! for all three radius
ratios and the study established that the vortex patterns w
not due to the injection of the dye. Visualization usingh
50.5 demonstrated the transport of these vortices along
length of the inner cylinder from the vortex inflow boundar
Results obtained using a large gap,h50.084, also showed
stronger vortices than those associated with the Taylor v
©2002 The American Physical Society02-1
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tices. For the high radius ratio,h50.88, the so-called
Görtler-like vortices were also observed, but for high spee
no images from the LIF were presented, due to problem
image reproduction. Instead aluminuma particle photogra
were shown and these are suggestive of ‘‘herring-bone’’ p
terns similar to Barcilonet al. @6#

II. NUMERICAL METHOD

In order to study the development of Taylor cells fro
vortex disturbances on the inner cylinder, a full thre
dimensional~3D! direct numerical simulation~DNS! is re-
quired, since, even in flows where the mean velocities
pressures vary in one or two dimensions, turbulent fluct
tions always have a three-dimensional spatial character
perform a full 3D simulation that resolves all the eddies w
beyond our available computing resources at the pre
time. So, for this initial phase of research, the gap was m
eled as a 2D slice between a pair of periodic boundarie
the azimuthal direction. This type of solution is akin to a 1
DNS solution of plane Couette flow. The authors realize t
this is an artificial approach to DNS since only in 3D is
possible to resolve the turbulent eddies, but the analysis
vides a useful insight into the formation of turbulent Tayl
vortices at an affordable computational cost.

An in-house parallel finite volume code was used with
pressure implicit splitting of operators algorithm@15# to
solve the incompressible Navier-Stokes equations

]ui

]t
1uj

]ui

]xj
52

1

r

]p

]xi
1n

]2ui

]xj]xj
~3!

and

]ui

]xi
50, ~4!

whereu is the velocity andp denotes pressure,x is the spatial
coordinate, the subscriptsi andj symbolize coordinate direc
tion in the field andr is the fluid density. For the purpose o
this limited study only second-order accuracy was used
both space and time. A no-slip boundary condition was
plied to all walls. The rotating walls were accelerated l
early and the fluid was initially at rest.

A number of investigative calculations were performed
preparation for the final simulations. All simulations we
based upon the thruster unit,h50.985, R150.128 m, and
n5131026 m2/s. Initially, simulations were carried out on
much smaller domain; but it was discovered that at the bl
interfaces, vortices were forming at the inner cylinder.
establish that the effect of the block interface was not
sole cause of vortices, the domain was extended to half
length of that in the thruster,G5d/L516, whereL is the
length of the gap and a single block interface is in t
middle. To determine the effect of end boundaries, one
boundary was rotating while the other was stationary.
demonstrate the effect of speed, tests were carried out at
Re of 53103 and 83103.
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In order to ensure that sufficient cells were placed acr
the gap to accurately model the flow, 150 cells were us
This is more than twice that used for the turbulence mod
ing in Ref.@13#. The grid was uniformly expanding and the
contracting across the gap. The first node was placed
inside the laminar sublayer. For Re553103, the first node
was atn15(nAtw/r)/n50.3, wheren is the distance from
a cylinder wall,tw is the shear stress at a cylinder. We us

FIG. 1. The evolution of stable Taylor vortices, at Re55
3103.
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FIG. 2. Series of close-up
images showing the formation o
one Taylor vortex from severa
of initial pairs of ring-shaped
vortices, at Re583103.
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1000 cells along the length producing uniform cells in t
center of the domain.

A time step of 1025 s was used and the simulation run f
1.5 s. A complete set of data was stored every 250 time st
giving a time interval,Dt50.0025 s. The complete calcula
tion required 8 days on 6 PIII 500 MHz processors.

III. RESULTS AND DISCUSSION

Figure 1 represents the development of Taylor vortices
a series of azimuthal velocity plots for Re553103. The
results for Re583103 are presented as a series of close
images in Fig. 2. In order to improve clarity for the quiv
plots, the data was filtered to a much coarser grid.

These figures demonstrate the formation of stable Ta
vortices from vortex disturbances on the inner cylinder. T
is in contrast to that observed for the laminar Taylor-Coue
06630
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FIG. 3. Variation of the coefficient of friction with time, at R
553103.
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flow at Tac , where the Taylor vortices form at the wall end
For Re553103, the following series of steps have bee
identified:

~1! Formation of pairs of ring-shaped vortices (35Dt
→50Dt);

~2! mixing of ring-shaped vortices (50Dt→75Dt);
~3! mixing of both ring-shaped and Taylor vortice

(75Dt→100Dt);
~4! stabilization of Taylor vortices (100Dt→).
Initially a series of ring-shaped vortex pairs form at t

inner cylinder as is clearly demonstrated in the first qui
plot in Fig. 2. Then, a phase of ring-shaped vortex mixi
occurs due to the initial vortices spreading across the
with new vortices forming at the inner cylinder, as seen,
example, at 36Dt in Fig. 2. During the third phase, Taylo
vortices begin to form; but, as the flow has not fully dev
oped, ring-shaped vortices are still being produced from
above the surface of the inner cylinder. Finally, when
flow is fully developed the Taylor vortices stabilize with n
further vortices forming.

An initial pair of vortices is present at the block bounda
at 35Dt in Fig. 1. This is due to the source of perturbation
the block interface being the most dominant. Two ‘‘dumm
cells were used to pass information between adjacent blo
and hence to eliminate this source of perturbation more c
than the order of the discretization scheme are required
premature perturbation such as this could also form in
experimental facility due to a large scratch on the surface
the inner cylinder.

The variation of skin friction

CM5
2M

prU1
2R1

2L
~5!

with time t is presented in Fig. 3 and compared with t
empirical equations of Bilgen and Boulos@16#, whereM de-
notes the moment on the inner cylinder andL is the axial
length of the cylinders. The development of the azimut
velocity profile

FIG. 4. Development of the mean azimuthal velocity profile,
the inner cylinder, at Re553103.
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uu
15uu /Atw /r ~6!

on the inner and outer cylinders with time is presented
Fig. 4 and 5, respectively, and compared with von Ka´rmán’s
law of the wall,

uu
151/k ln~En1!, ~7!

wherek50.419 andE59.79 @17#.
These figures show an initial drop in skin friction at th

wall as a laminar boundary layer begins to develop. This
illustrated for 30Dt as the mean azimuthal velocity profile
linear from the outer wall since no vortices have formed.
40Dt, the initial vortices have just started to form and t
skin friction at the inner cylinder rises after the initial min
mum in Fig. 3, and the velocity profile begins to tend aw
from the linear laminar profile towards that of a turbulent l
law profile.

At 50Dt, a peak in the skin friction is reached and th
velocity profile tends towards the logarithmic profile. At th
stage the initial vortices start to mix and the skin friction
the inner cylinder begins to decrease as the velocity pro
across the gap grows. This is highlighted in Fig. 5 with t
large increase in the mean azimuthal velocity profile fro
the outer cylinder for 50Dt→70Dt. This corresponds to the
sharp increase in skin friction at the outer cylinder in Fig.
The small secondary inflection in the growth of the sk
friction, occurs at'100Dt due to the stabilization of the
Taylor vortices. Fort.200Dt, the skin friction tends to-
wards a constant value, along with the mean azimuthal
locity profile, on both the inner and outer cylinders.

IV. CONCLUSIONS

The simulations presented demonstrate the evolution f
initial pairs of ring-shaped vortices on the inner cylinder
stabilized Taylor vortices. This occurs in four stages: form
tion of vortex pairs at the inner cylinder; mixing of ring
shaped vortices; a mixing phase of both the Taylor and ri
shaped vortices; stabilization of the Taylor vortices with
other vortices forming. This is distinctly different from th

FIG. 5. Development of the mean azimuthal velocity profile,
the outer cylinder, at Re553103.
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formation of laminar Taylor vortices. Upon the initial forma
tion of the ring-shaped vortices, there is a large peak in
shear stress on the inner cylinder and then the shear s
decays to around 20% above Bilgen and Boulos@16# results.
After this peak the boundary layer profile tends towards v
Kármán’s law of the wall.

Despite the solutions being two dimensional, these p
r-

e

e

id

d
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vide a valuable insight into the flow physics at a fraction
the computational cost of three-dimensional simulatio
However, simulations will need to be carried out in 3D
more accurately resolve the mixing within Taylor vortic
and to solve the ‘‘herring-bone’’ conundrum associated w
the possible existence of smaller vortices within stable T
lor vortices.
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